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Markov [3] , $n$ ’ $-$ )$\triangleright$ , $\lceil\log(n+1)\rceil$ NOT
. Tanaka Nishino , NOT $r^{\backslash }-$ $\lceil\log(n+1)\rceil$
, $n$ [6], , NOT
$\lceil\log(n+1)\rceil-1$ , parity [7].
, $F$ , NOT $\lceil\log(g+1)\rceil$ ($g$ $F$
decrease) , $F$ .
2
NOT $r$ $\{\wedge, \vee, \neg\}-$ $r$-circuit . $C^{r}(f)(D^{r}(f))$
, $\text{ ^{}*}-$ )$\triangleright$ $f$ $r$-circuit ( $r$ -circuit ) . 7
, $r$ -circuit , $C^{r}(f)$ $f$ .
, O-circuit , $C^{0}(f)$ $f$ . $C^{0}(f)$ $C^{m}$ )
. $r$ , $r$-circuit , $C^{r}(f)$ $f$
. , ) C ) .
$A=(a_{1}, \ldots, a_{n})\in\{0,1\}^{n},$ $B=(b_{1}, \ldots, b_{n})\in\{0,1\}^{n}$ , $1\leq i\leq n$
$a_{i}\leq b_{i}$ $A\leq B$ . , $A\leq B$ , $a_{i}<b_{i}$ $1\leq i\leq n$
$A<B$ . $S$ $X_{n}$ . $\pi$ , $\pi$ : $Sarrow\{0,1\}$
. , $|S|$ I , $\pi$ $n$ “- )$\triangleright$ $f$
$n-|\pi|$ $\text{ ^{}\backslash }-\backslash$ ) $f^{|\pi}$ .
906 1995 89-95 89
$n$ 7-j $X_{\iota},=\{x_{1}, \ldots, x_{n}\}$ , #1 $(X_{n})$ $X_{n}$ 1
. $n$ $\not\supset-$ , $f$ , spectrum $n+1$ $s_{0}\cdots s_{n}$
. , $s_{i}$ #1 $(X_{n})=i$ $f(X_{n})$ . , $\# 1$ $(X_{n})\geq k$ ,




$g(F_{n})=(d_{1}, \ldots, d_{m})$ : $A_{i}\in\{0,1\}^{n}(0\leq i\leq n)$ $A_{0}<\cdots<A_{n}$
. $A_{0}=(0, \ldots, 0)$ . $n$ $f$ , $g(f)=$ ( $d_{1},$ $\ldots$ , d772)
. , $\{d_{1}, \ldots, d_{m}\}=\{d|1\leq d\leq n, f(A_{d-1})\not\leq f(A_{d})\}$ $d_{1}<\cdots<d_{m}$
. $|g(f)|$ $f$ decrease . $F_{n}$ ,
$g(F_{n})=(d_{1}, \ldots, dm)$
$X_{n}$ . , ,
, $m=2^{r}-1(r=0,1, \ldots)$ . , $r=\log(m+1)=$
$\lceil\log(|g(Fn)|+1)\rceil$ . [3] , $F_{n}$ $r$ NOT
. $F_{n}$ . r-circuit .
$r$ NOT $N_{1},$ $\ldots,$ $N_{r}$ , ,
$y_{1},$ $\ldots,$ $y_{r}$ . , $N_{1},$ $\ldots,$ $N_{r}$ , $z_{1},$ $\ldots,$ $z_{r}$
. NOT 1 1 , $i,$ $1\leq i\leq r$ , $y_{i}=\urcorner\chi_{i}$
.
$f$ $f(A_{0})=0$ . , $f$ spectrum $s(f)=(r_{1}, \ldots, r_{k})$
. , $\{r_{1}, \ldots, r_{k}\}=\{t|1\leq t\leq n, f(A_{t-1})\neq f(A_{t})\}$ $r_{1}<\cdots<r_{k}$ .
$f\#\mathrm{h}$ , – .
1 $r$ NOT $N_{1},$ $\ldots,$ $N_{r}$ $\{1, \ldots, r\}$ $\sigma$ ,
$zz\sigma(N_{1}),$$\ldots,\sigma(N_{\mathrm{r}})$ : $i(1\leq i\leq r)$ , $z_{i}$ $y_{1},$ $\ldots,$ $y_{i-}l$
, AND , $OR$ $\mathcal{F}_{n}$ . , $z_{i}$ $X_{n}$
, spectmm ,
$s(z_{i})=(dd‘ d_{\frac{3(m+1)}{2}\frac{\mathrm{t}^{\underline{9}^{*}-1})m+1)}{2}!}.’ \ldots, d\cdot)\frac{(m+1)}{2^{t}},\frac{\sim \mathrm{t}\supset m+1)}{2^{l}},$
.
$\neq_{1}(X_{n})$ $k$ , 1 modular
$MOD_{n}^{k}$ (X . $n=k2^{r_{m}}-k$ . $MOD_{n}^{k}$ , $|g(MODk)n|=n/k$
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, 1 , $MOD_{n}^{k}$ $r_{m}$ -circuit $\mathcal{M}_{n}$ ,
.
1 $r_{m}=\log(n/k+1)$ . , $\mathcal{M}_{n}$ $r_{m}$ NOT $N_{1},$ $\ldots,$ $N_{r_{m}}$
$\{1, \ldots, r_{m}\}$ $\sigma$ , $Z_{\sigma()}N_{1},$ $\ldots,$ $Z|1\sigma\langle\backslash _{r_{m}}\overline{-}\mathrm{I}$ : $i(1\leq i\leq r_{m})$
, $z_{i}$ $y_{1},$ $\ldots,$ $y_{i-}1$ , AND , $OR$ $\mathcal{M}_{n}$
. , $z_{i}$ $X_{n}$ , spectrum ,
$s(z_{i})=( \frac{n+k}{2^{i}}-k+1, \frac{2(n+k)}{2^{i}}-k+1, \frac{3(n+k)}{2^{i}}-k+1, \ldots, \frac{(2^{i}-1)(n+k)}{2^{i}}-k+1)$
#1 $(X_{n})$ , 1 parity $PARITY_{n}(X_{n})$
. $n=2^{\Gamma_{p}+1}-1$ . $PARIT\mathrm{Y}_{n}$ $r_{p}$-circuit $\mathcal{P}_{n}$ . $PARIT\mathrm{Y}_{n}$
, $|g(PARI\tau Y_{n})|=(n-1)/2$ , $PARI\tau Y_{n}$ $r_{p}$-circuit
, 1 . , $r_{p}=\log((n-1)/2+1)$ , ,
$S( \mathcal{Z}_{i})--(\frac{n+1}{2^{i}}, \frac{2(n+1)}{2^{i}}, \frac{3(n+1)}{2^{i}}, \ldots, \frac{(2^{i}-1)(n+1)}{2^{i}})$
.
, PARIT ( #1 $(X_{n})$ , 1
) $\overline{PARI\tau Y}_{n}(X_{n})$ . $n=2^{rarrow 1}p-2$ . $\overline{PARI\tau Y}_{n}$ ,
$|g(PARI\tau Y_{n})$ $|=n/2$ , $\overline{PARI\tau Y}_{n}$ $r_{\overline{p}}\mathrm{c}\mathrm{i}\mathrm{r}\mathrm{C}\mathrm{u}\mathrm{i}\mathrm{t}$ , 1
. , $r_{\overline{p}}=\log(n/2+1)$ , ,
$s(z_{i})=( \frac{n+2}{2^{i}}-1, \frac{2(n+2)}{2^{i}}-1, \frac{3(n+2)}{2^{i}}-1, \ldots, \frac{(2^{i}-1)(n+2)}{2^{i}}-1)$
.
, $G_{n}^{k}(X_{n})=T_{n}^{k}(x_{1,\ldots,n}X)\oplus x_{1}\oplus\cdots\oplus x_{n},$ $n=2^{r_{g}+1}$ . $G_{n}^{k}$ ,
$|g(G_{n}k)|=n/k$ , $G_{n}^{k}$ $r_{g}$-circuit , 1 .
4
$\mathcal{M}_{n}$ , [2, 5, 6].
1 1. $C^{r_{m}}(MOD_{n}^{k})=O(n\log n)$ .
2. $D^{r_{m}}(MOD_{n}k)=O(\log n)$ .
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, 1 $O$-notation , [1] sorting
, .
1 , $\mathcal{M}_{n}$ , .
1
$C^{r_{m}}(MOD^{k})n\geq 4n+3\log(n+k)-5k-C$ . $\square$
$g(F_{n})=(d_{1}, \ldots, d_{m})$ $X_{n}$ , , $r=\log(m+1)$
. 1 , , .
2
$C^{r}(F_{n})\geq C^{?n}(\tau_{n}d_{(m+)/}12)+3\log(m+1)-C$. $\square$
, parity , . , $r_{\overline{p}}=\log(n+2)-1,$ $r_{m}=\log(n+$
$k)-k$ .
2 1. $C^{r_{p}}(PARI\tau \mathrm{Y}\eta)\geq 4n+3\log(n+1)-c$.






3 1. $D^{r_{p}}(PARITY_{n})\geq 4\log(n+1)-c$ .
2. $D^{r_{\overline{p}}}(\overline{PARI\tau \mathrm{Y}}_{n})\geq 4\log(n+2)-C$ .
, $\mathcal{M}_{n}$ . ,
.
$\mathrm{A}:\mathcal{M}_{n}$ , $N_{1},$ $\ldots,$ $N_{l}$ path
, .
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5 $A$ $\mathcal{M}_{n}$ $\Omega(((n-k)\log(n-k))/k)$ .
$r=\log(m+1)$ , , $F_{n}$ $r$-circuit .
, $A_{i}\in\{0,1\}^{n}(0\leq i\leq n)$ $A_{0}<\cdots<A_{n}$ .
6 $A$ , $C^{1?}’(T_{n}q_{1}, \tau_{n}q_{\underline{9}}, \ldots, T^{q_{k}}?1)$ . , $\{q_{1}, \ldots, q_{k}\}=$
$\{q|1\leq q\leq n, F(A_{q-}1)\neq F(A_{q})\}$ .
5
, NOT . Tardos [8] ,
$2^{\Omega()}n^{1/6-\mathit{0}}\mathrm{t}1$
)
, $f_{n}$ . ,
[4].
2 $t(0\leq t\leq\lceil\log(n+1)\rceil-1)$ :
$\frac{C^{t}(f_{n})}{C^{t+1}(f_{n})}=\exp(\Omega(n^{1/6}-o(1)))$ . $\square$
$n=2^{r_{h}+2}-1,$ $m=(n-1)/2$ . $r_{h}=\log(n+1)-2$ . ,
$n$ $h_{n}$ :
$h_{n}(_{X_{1,\ldots,m+2}}X, w_{1}, \ldots, wm-1)=fm+2(x_{1}, \ldots, X_{m+2})\oplus w_{1}\oplus\cdots\oplus w_{m-1}$ .
[6] .
3
$C^{r_{h}+2}(h_{n})\leq 2C(h_{n})+O(n(\log n)^{2})$ . $\square$
$C(h_{n})$ , $n$ . $h_{n}$ $r_{h}$ -circuit $\mathcal{H}_{n}$
. 1 , .
2 $\mathcal{H}_{n}$ $r_{h}$ NOT ‘- $N_{1},$ $\ldots,$ $N_{r_{h}}$ $\{1, \ldots, r_{h}\}$ $\sigma$ ,
$z_{\sigma(N_{1})},$ $\ldots,$ $Z_{\sigma(N_{f}h})$ : $i(1\leq i\leq r_{h})$ , $z_{i}$ $y_{1},$ $\ldots,$ $y_{i-}1$
, AND , $OR$ $\mathcal{H}_{n}$ . , $z_{i}$
$\{fm+2(x1, \ldots, Xm+2), w1, \ldots, wm-1\}$ , spectmm ,
$s(z_{i})=( \frac{m+1}{2^{i}}, \frac{2(m+1)}{2^{i}}, \frac{3(m+1)}{2^{i}}, , , . , \frac{(2^{i}-1)(m+1)}{2^{i}})$
.
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. $x_{i}(1\leq i\leq m+2)$ , $w_{j}(1\leq i\leq m-1)$ , $fm+2(x_{1,\ldots+2}, xm)$
, $w_{j}(1\leq i\leq m-1)$ $w_{m}$ . , $h_{n}(w_{1}, \ldots, w_{m-1}, wm)=$
$PARIT\mathrm{Y}m(w1, \ldots, wm-1, w_{m}),$ $m=2rh+1-1$ , $\mathcal{H}_{n}$ [ $r_{h}$ NOT . ,
1 $\mathcal{H}_{n}$ , 2
4
$C^{r_{h}}(h_{n})=\exp(\Omega(n-6o(1))1/)$ .
. $\mathcal{H}_{n}$ $N_{1},$ $.$ . , $N_{r_{h}}$ NOT , $f_{m+2}(x_{1,\ldots,+2}xm)$
. 2 , $z_{1}$ ,
$C^{m}(z_{1}(fm+2(x1, \ldots, xm+2), w_{1}, \ldots\cdot, wm-1))$ .
$w_{1},$ $\ldots,$ $w_{m-1}$ $(m-1)/2$ 1 ,
$0$
$\pi$ . , [8] ,
$C^{m}(z_{1}(fm+2(x_{1}, \ldots, x_{m}+2),w1, \ldots, wm-1))$ $\geq$ $C^{m}(z^{|\pi}1(fm+2(_{X_{1},\ldots,X_{m+2}}),w_{1,\ldots,m}w-1))$
$=$ $C^{m}(\tau_{m}^{(1}m+)/2|\pi(fm+2(X_{1}, \ldots, x_{m+2}), w1, \ldots, wm-1))$





, 3 4 , .
7 $t=\log(n+1)-2$ , $t=\log(n+1)-1$ .
$\frac{C^{t}(h_{n})}{C^{t+1}(h_{n})}=\exp\{\Omega(n-)1/6o(1))$ .
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